Abstract-We present an analytical formulation that shows the negative refraction of propagating waves and the growth of evanescent waves within a negative refractive index (NRI) lens made of a periodically L, C loaded transmission-line (TL) network, referred to as the dual-TL structure. A transformation known as the "array scanning method" is then employed to analytically demonstrate the sub-diffraction imaging capability of a dual-TL lens. In essence, the two-dimensional (2-D) periodic Green's functions corresponding to the voltages and currents excited by a vertical elementary current source are derived. The developed theory is utilized to plot the 2-D voltage magnitude distribution for the case of focusing an elementary current source. The analysis reveals that a resolution limit is imposed by the periodicity of the NRI medium used. Moreover, the periodicity of the NRI medium bounds the amplitude of the growing evanescent waves in a realizable NRI lens and prevents them from growing to unphysically large values.
I. INTRODUCTION

I
N THE 1960s, Veselago theoretically investigated the electrodynamics of substances possessing negative permittivity and permeability [1] . Among other things, Veselago showed that a planar slab of material with possesses a negative refractive index (NRI) and acts as an unusual lens that focuses rays of light emanating from a source to an image on the opposite side of the slab. Pendry's more recent prediction that such slabs act as "perfect lenses" rekindled interest in materials with negative material parameters [2] . Pendry revealed that the flat lens described by Veselago focuses all the Fourier components emanating from a source including the evanescent waves. As a result, these "perfect lenses" achieve sub-diffraction focusing. Pendry's analysis was stimulated by the implementation of an NRI metamaterial [3] . The initial NRI metamaterial employed metallic wires to achieve negative permittivity and split-ring resonators to achieve negative permeability. It was used to demonstrate a "left handed" (backward-wave propagation) band and to experimentally verify negative refraction. Last year, the periodic two-dimensional (2-D) L, C loaded transmission-line (TL) network depicted in Fig. 1(a) was also shown to act as an isotropic "left handed" or NRI medium [4] - [6] . This distributed network was termed a dual TL due to its high-pass configuration, as opposed to the low-pass representation of a conventional TL. One-dimensional dual TLs that have been known for some time [7] were revived in [8] - [10] and directly related to NRI materials. Focusing within a 2-D microstrip-based dual-TL structure was experimentally demonstrated at microwave frequencies and a coplanar waveguide (CPW) implementation was also used to experimentally verify leaky backward-wave radiation from its fundamental spatial harmonic [5] , [11] , [12] . Additionally, simulation results have been reported showing negative refraction at the interface of a TL mesh medium [shown in Fig. 1(b) ] acting as the positive refractive index (PRI) medium, and a dual-TL structure [4] , [13] . Growing evanescent waves within a dual-TL structure have been recently demonstrated in [14] . A Bloch formulation has also been developed in [13] to determine the 2-D dispersion characteristics of the dual-TL structure.
Alternatively, anisotropic structures that achieve sub-wavelength focusing have been experimentally investigated in [15] and similar concepts theoretically shown in [16] . In these structures, however, the source and focus are embedded in complementary anisotropic metamaterials, therefore, this type of focusing cannot be extended to free space. In this paper, we present an exact analytical formulation that confirms the negative refraction of propagating (homogeneous) waves and the growth of evanescent (inhomogeneous) waves within a planar isotropic NRI lens made of a dual-TL structure. These results are then combined with the "array scanning method" of [17] , [18] to analytically show sub-diffraction imaging by a dual-TL lens from one isotropic medium to another. To show sub-diffraction imaging, the 2-D periodic Green's functions corresponding to the voltages and currents excited by a vertical elementary current source in the entire TL structure is derived. The analysis predicts that a resolution limit is imposed by the periodicity of the NRI and PRI media used. This resolution limit is not revealed by the analysis of continuous NRI lenses in [11] and [19] - [21] . The developed theory is utilized to plot the 2-D voltage magnitude distribution for the case of focusing an elementary current source. These plots reveal that the three-region lens examined in this paper is quite distinct from the experimental lenses reported in [5] , [22] , which utilized a single interface between an NRI medium and a PRI medium (two-region lenses). The two-region lens arrangement did not permit the proper growth of evanescent waves necessary to clearly achieve sub-diffraction imaging. Finally, it is shown that the periodicity of the NRI medium bounds the amplitude of the growing evanescent waves in a practical NRI lens of finite thickness and prevents them from growing to unphysically large values.
II. "PERFECT" LENS AND ITS TL IMPLEMENTATION
Veselago's flat lens made of a slab of NRI material is shown in Fig. 2 . The imaging of a monochromatic source within a PRI medium is depicted. The rays indicate the negative refraction of the propagating waves as described by Veselago. They suggest that two foci exist. There is an internal focus within the lens and an external focus beyond the second interface of the lens. In addition to focusing the propagating Fourier components, Pendry pointed out that the evanescent Fourier components decaying from the source are also restored at the external focal plane. The evanescent components grow within the NRI lens, thus canceling the decay experienced in the positive refractive media on either side of the lens. Due to these growing evanescent waves, the field amplitudes are highest at the second interface of the lens [14] . The "perfect focusing" predicted by Pendry, however, only occurs when certain criteria are met. The lens must be lossless and its relative refractive index must be 1 with respect to the two surrounding PRI half-spaces to eliminate aberrations, and the lens must be impedance matched to each half-space to eliminate reflections.
Both the PRI and NRI media considered in this paper are TL-based periodic structures. The PRI medium is the 2-D network of TLs shown in Fig. 1(b) , which will be referred to as a TL mesh. The NRI medium is the dual-TL structure depicted in Fig. 1(a) . Both the TL mesh and dual-TL structure are operated at frequencies of homogeneous and isotropic propagation and, therefore, can be justifiably called effective media. At these frequencies, the dual-TL structure exhibits backward-wave propagation characteristics and the TL mesh forward-wave propagation characteristics, as would an NRI and PRI medium, respectively [13] . The propagation characteristics of the two media are best described by their respective dispersion relations and Bloch impedance expressions, which have been derived in [13] . The dispersion relation for the TL mesh is given by the following expression [13] : (1) where and are the wavenumbers in the -and -directions, respectively, is the unit cell dimension, and is the propagation constant of the interconnecting TL sections. The wavenumber and are simply the and components of the intrinsic wavenumber of the medium (2) where is angle between and the -axis. The Bloch impedances in the -and -directions for the TL mesh are [13] ( 3) where is the radial frequency and is the characteristic impedance of the interconnecting TL sections. The dispersion relation for the dual-TL structure shown in Fig. 1 (a) can also be derived using Bloch analysis [13] . It is given by the following expression: (4) where is the shunt loading inductance and is the series loading capacitance of the dual-TL structure, shown in Fig. 1(a) . The wavenumbers and once again can be expressed in terms of the intrinsic wavenumber of the medium (5) where is angle between and the -axis. The Bloch impedances in the -and -directions for the dual-TL structure are given by the following expressions:
In order to implement Pendry's perfect lens using the TL mesh and dual-TL structure, a few requirements must be met. Both structures must behave as effective media with homogeneous and nearly isotropic propagation characteristics. It is clear from the dispersion relations (1) and (4) that such propagation characteristics exist when , and . Another requirement is that the relative refractive index between the TL mesh and dual-TL structure must be 1. This can be achieved by making the intrinsic wave vectors in the TL mesh and in the dual-TL structure equal in magnitude, but antiparallel for all directions of power flow. Lastly, the Bloch impedances of the TL mesh and the dual-TL structure must be equal for all angles of incidence in order to eliminate reflections. Table I lists the electrical parameters of a TL mesh and dual-TL structure that exhibit homogeneous and nearly isotropic propagation characteristics. They are impedance matched and have a relative refractive index of 1 with respect to each other at a frequency of 1 GHz. For simplicity, the same TL parameters ( and ) are utilized in both structures. The TL mesh and dual-TL structure differ only in terms of the shunt L and series C loading parameters. Fig. 3 shows the magnitude of the wavenumbers ( and ) for all directions of propagation at 1 GHz in the TL mesh and dual-TL structure defined in Table I . It is evident from the plot that the magnitude of the refractive index is the same for both structures since the two curves overlap. The structures are nearly isotropic since the plots appear circular, indicating that the magnitudes of and change very little with the direction of propagation . In fact, the maximum change in wavenumber with respect to for both structures is 0.26%. It is also important to note that, for any direction of power flow, the wave vectors in the two media are antiparallel. The -directed Bloch impedances have been plotted in Fig. 4(a) as a function of propagation direction . Due to the symmetry of the unit cells, the Bloch impedances are plotted only for to 90 . The impedances asymptotically approach infinity at 90 since the -directed current is zero for a plane wave propagating along the -axis. The -directed Bloch impedances for both media are shown in Fig. 4(b) . In this case, the impedance asymptotically approaches infinity for since the -directed current is zero for plane-wave propagation along the -axis. Most importantly, Figs. 4(a) and (b) show that in addition to having refractive indexes that are equal and opposite, the two media are matched for all angles of propagation. In effect, we have shown that the TL mesh and dual-TL structure are suitable PRI and NRI media for realizing Pendry's "perfect lens." The flat lens system depicted in Fig. 2 could, therefore, be implemented using these two periodic structures.
III. PLANE-WAVE REFLECTION AND REFRACTION
In this section, plane-wave incidence on an NRI lens is investigated specifically for TL metamaterials. The NRI lens of Fig. 2 is a 2-D dual-TL structure and the surrounding PRI medium is a TL mesh, as shown in Fig. 5 . The incident plane wave is a voltage/current wave incident from the TL mesh. A plane-wave excitation is achieved using an infinite array of current sources, as shown in Fig. 5 . Voltage solutions are derived for the distributed network shown in Fig. 5 for different plane-wave excitations to demonstrate negative refraction and the growth of evanescent waves. In addition, these results are utilized in the following section to derive the Green's functions of the lens system in Fig. 5 : the voltage and current solutions due to a single current source.
The dual-TL lens depicted in Fig. 5 is finite in the -direction and infinite in the -direction. The PRI media on either side of the lens are semi-infinite TL meshes. For clarity, the 2-D space is divided into four regions. Region A extends from 
and region B extends from
, where is a positive integer. Regions A and B are composed of the same TL mesh. For both regions, the -and -directed Bloch impedances will be referred to as and , respectively. The wave vector will be labeled and the -and -directed wavenumbers and , respectively. Region C encompasses the NRI lens made of the dual-TL structure. It extends from , where is also a positive integer. Similarly, the Bloch impedances for this region are labeled and , the wave vector , and the wavenumbers and . The TL mesh on the opposite side of the lens will be referred to as region D. Following the same convention, the Bloch impedances for region D are and , the wave vector , and the wavenumbers and . The Bloch impedances in regions A, B, and D are given by the Bloch impedance expressions for a TL mesh (3) and the Bloch impedances in region C are given by the Bloch impedance expressions for a dual-TL structure (6) . Similarly, the wavenumbers in regions A, B, and D are given by (1) and those in region C are given by (4) .
An infinite array of -directed current sources is placed along the -axis to provide a plane-wave excitation. The current sources have equal amplitude and possess a progressive phase shift of . In general, a current source at coordinate has a corresponding phase shift of , where is an integer. The infinite array of current sources in fact excites two plane waves in the homogeneous, nearly isotropic TL mesh. One plane wave in region A and one plane wave in region B, both propagating away from the current source array. The plane wave in region B has a propagation direction given by the following expression familiar from antenna array analysis:
The direction of propagation for the plane wave excited in region A is
. The boundary between regions B and C will be referred to as the first interface. The first interface is located at a distance ( in Fig. 5 ), which corresponds to the distance in Fig. 2 . Likewise, the boundary between regions C and D will be referred to as the second interface. It is located at a distance ( in Fig. 5 ) and corresponds to in Fig. 2 . The progressive phase shift between the current sources dictates that in the four regions of interest. Given the current array excitation, the 
The voltage coefficients of the incident waves and those of the reflected waves are given by the following expressions: (9) The expressions and are essentially the reflection coefficients initially seen by an incident voltage wave at the first and second interfaces, respectively, while and are the corresponding transmission coefficients. They are given by the following expressions: (10) By setting , the wavenumbers and are found using dispersion relation 1, and is found using dispersion relation 4, shown in (11) and (12) at the bottom of this page. For propagating waves, the signs ( or ) of these wavenumbers are chosen such that the -directed Bloch impedances in (9) and (10) are positive quantities. The -directed terminal currents generated by the current array excitation can also be evaluated in the four regions by dividing the voltage expressions of (8) In the particular case of the "perfect lens," and for propagating waves. Under these conditions, there are no reflections at the two interfaces, therefore, and . This implies that the reflected waves . For evanescent waves, and . As a result, become infinite and . For the "perfect lens," (8) The voltage expression for region C (14) shows that the source-plane voltage (voltage along ) is recovered at . This corresponds to the location of the internal focal plane of the dual-TL lens. Equivalently, the voltage expression for region D (14) indicates that the source-plane voltage is again recovered at , corresponding to the location of the external focal plane.
A. Phase Compensation of Propagating Waves
Equation (14) has assumed that there is perfect impedance matching and that an exact relative refractive index of 1 exists between the TL mesh and dual-TL structure. In Fig. 6 , the phases of the terminal voltages in all four regions (A-D) are shown for the flat-lens system of Fig. 5 made of the TL mesh and dual-TL structure defined in Table I . In these calculations, the amplitude of the current sources is set to 34.5 mA so that the voltage amplitude V at . The progressive phase shift of the current sources is set to rad. According to (7) , this progressive phase shift excites a plane wave in Region B incident at an angle of rad. As in Fig. 5 , the values and are used in the computation. The voltage phase progression in Fig. 6 clearly shows the negative refraction of a propagating plane wave incident at rad. As anticipated, the phase of the incident plane wave is restored along the internal and external focal plane . Therefore, the lens acts as a phase (11) (12) compensator for propagating plane waves, as would a conventional lens.
B. Growth and Restoration of Evanescent Waves
Next, a progressive phase shift exceeding is considered. This implies that the transverse wavenumber exceeds the intrinsic wavenumber in regions A and B. Therefore, the array of current sources excites an evanescent wave. In other words, the -directed wavenumber takes the form . The voltage expression for region C in (14), therefore, becomes region C (15) Equation (15) indicates a growing evanescent wave within the dual-TL lens, as was predicted by Pendry [2] for an NRI lens. In the same manner, it can also be shown that the voltages in regions A, B, and D are decaying waves. Fig. 7 plots the magnitude of the terminal voltages for a current array excitation with progressive phase shift rad. The TL mesh and dual-TL structure defined in Table I are used once again in this calculation. According to (1) , this corresponds to Np. The current amplitude is set to mA in order to yield a voltage amplitude of V at . As anticipated, the voltage plot indicates a growing evanescent wave within the dual-TL lens (region C) and decaying evanescent waves in the TL mesh regions (A, B, and D) . This is in direct agreement with the previously reported microwave circuit simulations results of [14] . Along the internal and external focal planes, the amplitude of the source evanescent wave is restored. Therefore, unlike a conventional curved lens, the dual-TL lens restores the amplitude of evanescent waves, which is a unique characteristic of Pendry's "perfect lens."
IV. SUB-DIFFRACTION IMAGING OF AN ELEMENTARY CURRENT SOURCE: GREEN'S FUNCTIONS DERIVATION
In the previous section, voltage and current solutions were derived for a current array excitation. Here, a transformation known as "analytical array scanning" [17] , [18] is applied to these solutions to find the Green's functions or voltage and current solutions due to a single -directed current source. The terminal voltages in all four regions (A-D) of the dual-TL lens caused by a single current source excitation at the origin can be found by integrating the voltage solutions of (8) between as follows:
The integration in (16) represents a superposition of phased current-array solutions spanning the entire phase space . This integration cancels out all the current sources in the infinite array along , except for the one located at , which has a zero phase angle. The cancellation of current sources occurs due to the simple fact that (17) Given the conditions of perfect focusing, the source plane voltages at are imaged exactly to the internal and external focal planes . Using (16) , the voltages at the source plane and both the internal and external focal planes are (18) In (18), it is important to remember that the Bloch impedance [given by (3) ] is a function of due to the fact that and are related through dispersion (11) . The terminal voltage magnitudes at the source and external focal plane are shown in Fig. 8 for the flat lens system depicted in Fig. 5 . These voltages are computed using (16) for the TL mesh and dual-TL structure defined in Table I . In the computation, the magnitude of the current source was set to 14.6 mA in order to yield a voltage magnitude of 1 V at the source. As shown in Fig. 5 , the terminal voltages along the external focal plane are identical to those at the source plane. The standard diffraction-limited image (diffraction limited image 1) is also shown in Fig. 8 for comparative purposes. It is obtained by inverse Fourier transforming the propagating spectrum of the source in a continuous medium [23] with the identical effective material parameters. Due to the close proximity of the source and image, a second diffraction-limited image (diffraction-limited image 2) has also been shown in Fig. 8 , which takes into account the attenuated evanescent waves that reach the external focal plane. For this latter diffraction-limited image, the propagating Fourier components emanating from the source are focused, whereas the evanescent components are not neglected, but rather assumed to exponentially decay from source to image with attenuation factors corresponding to a relative refractive index of . The image obtained with the dual-TL lens clearly shows finer resolution than both diffraction-limited images. Therefore, this practical microwave lens using TLs acts as a "superlens" allowing imaging beyond the diffraction limit.
Equation (18) may also be used to determine the input impedance to the network. It can be found by setting and dividing the result by . In general, the terminal impedance at an arbitrary point can be found by evaluating and and computing their ratio. The current is the terminal current at due to the current source excitation at the origin. It can be found by integrating (13) between . To gain a better understanding of sub-diffraction imaging, it is useful to observe the entire voltage solution. Fig. 9 depicts the voltage magnitudes (in decibels) at the terminals of all the unit cells in the entire structure, computed by solving the integrals in (16) . Most notably, high-voltage amplitudes are apparent near the second interface due to the growing evanescent waves in the dual-TL structure. In addition, the voltage amplitudes far from the central row form three distinct cylindrical waves with phase centers that clearly identify the source , the internal focus in the dual-TL structure (NRI medium), and the external focus in the TL mesh (PRI medium), as designated in Fig. 2 . The voltage magnitude distribution of Fig. 9 , which was obtained here analytically, is corroborated by the microwave-circuit simulations presented in [24] . The focusing results utilizing the three-region dual-TL lens presented in this paper are dramatically different from those previously observed in the two-region dual-TL lenses of [11] and [21] . Unlike in the previous tworegion lenses, the focusing reported here is dominated by the growth of evanescent waves and clearly shows sub-diffraction resolution.
V. EFFECT OF PERIODICITY ON IMAGE RESOLUTION AND THE MAXIMUM AMPLITUDE OF THE EVANESCENT WAVES
The voltage solutions of (16) indicate that the periodicity of the PRI and NRI media impose a resolution limit. The maximum resolution at the focal plane of a lens is [2] 
where is the maximum transverse ( -directed) propagation constant. According to the integration limits of (19), the maximum -directed wavenumber is . This yields a maximum resolution limit of (20) Therefore, a resolution of would require a periodicity of at least . This is in agreement with the resolution enhancement calculations derived in [25] . For the lens system shown in Fig. 5 , is limited right at the source point. This occurs because, in addition to the lens being periodic, the PRI medium (TL mesh), in which the current source is embedded, is also periodic. This explains why there is no apparent loss in resolution at the focal planes in (18) . On the other hand, if the source were in a continuous medium, the resolution would only be limited by the periodicity of the NRI lens. In this case, "perfect" imaging could not be achieved, but sub-diffraction imaging would still be possible. Other physical constraints such as losses and mismatches due to manufacturing tolerances would also have to be accounted for in any practical lens system [11] , [20] , [25] .
It is important to realize that in turn places a limit on , the "amplification" factor of the evanescent waves [see (15) ]. This limitation on prevents the voltages and currents from growing to unphysically large values at the second interface of a practical lens having finite thickness , an objection to the "perfect lens" raised in [26] . In fact, the periodicity provides a natural mechanism by which the amplitudes of the evanescent waves are limited. The finer the periodicity, the larger the maximum amplitude of the growing evanescent waves and the higher the resolution.
VI. CONCLUSION
The negative refraction of propagating waves and the growth of evanescent waves were shown analytically for an NRI lens implemented using a loaded-TL periodic structure: the dual-TL structure. These homogeneous and inhomogeneous plane-wave-type solutions were then combined using the "array scanning method" to analytically demonstrate sub-diffraction focusing by the dual-TL lens. This entailed determining the 2-D periodic Green's functions of the system corresponding to the voltages and currents (at the unit cell terminals) generated by a single vertical elementary current source. In addition to showing that the voltage distribution at the external focal plane is identical to that at the source plane, 2-D plots of the entire voltage solution have been included, which aid in understanding the nature of sub-diffraction imaging. The analysis also revealed that a resolution limit is imposed by the periodicity of a real NRI lens. Finally, it was shown that the periodicity of the lens bounds the amplitude of the growing evanescent waves in a realizable NRI lens of finite thickness. As a result, the evanescent waves do not grow to unphysically large values.
